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Every Salem number is the exponential of a rational multiple of the derivative at 
s = 0 of an Artin L-function. 
A Salem number is a real algebraic integer u > 1 all of whose other 
conjugates lie in or on the unit circle C, with at least one on C. In this paper 
we show that every Salem number is the exponential of a rational multiple of 
the derivative at s = 0 of an Artin L-function. The precise result is as 
follows. 
THEOREM. Let k be a totally real number field of degree n > 1. Let K be 
a quadratic extension of k having esactly two real places. Define u = 2 tf K 
is generated over k by the square root of a unit of k, and let u = 1 otherwise. 
Let x be the nontrivial character of Gal(K/k), and let L(s,x) be its Artin L- 
function. Let h(k) and h(K) denote the class numbers of k and K, respec- 
tively. Then L(s, x) vanishes to first order at s = 0, and 
E = exp(h(k) 2’-“uL’(0, x)/h(K)) > 1 
is a Salem number in K. In fact, E is a unit in K of norm 1 to k which 
together with the units of k generate a subgroup of index 2u in the units of K. 
Conversely, tf a is a Salem number, then K = Q(a) and k = Q(u + a ’ ) are 
fields as above, and ti’e have o = E”’ for some positive integer z. 
Proof Except for the assertions concerning o and the assertion that t‘ is 
a Salem number, the statement of the theorem is proved by Stark in [ 1, 
pp. 63, 88 I. Because NKIks = 1, the absolute value of E at the complex places 
of K is equal to 1. Hence E has all of its conjugates on the unit circle except 
for E and E- ‘, so E is a Salem number. 
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Suppose now that u is a Salem number. Let O’ be a conjugate of u on the 
unit circle C. Then u’ = (a’)-’ is a conjugate of u’, so up ’ is a conjugate 
of u. Because u is the only conjugate of u with absolute value greater than 1, 
it follows that u and u-’ are the only real conjugates of u, and that all the 
other conjugates of u lie on C. Now K = Q(u) and k = Q(u + a-‘) satisfy 
the hypotheses of the theorem. 
Because N,,,u = 1, u is a unit in K. If u = 1, then F and the units E, of k 
generate a subgroup of index 2 in the units E, of K. If u = 2, then K is 
generated over k by the root of a unit in E,, and this root, E and E, generate 
a subgroup of index 2 in E,. In either case, it follows that there is a unit MI in 
E, and an integer z so that u4 = WE”. Then N,,,u’= 1 = w’, so (a’/~~)~ = 
w = * 1. Because e > 1 and u > 1 are real, it follows that u = E” and that z 
is positive. 
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